In this paper, we relate security returns in the thirty securities in the Dow Jones index to regime shifts in the market portfolio (S&P500) volatility. We model market volatility as a multiple-state Markov switching process of order one and estimate non-diversifiable security risk (beta) in the different market volatility regimes. We test the significance of the premium of the beta risk associated with the different market regimes and find evidence of a relationship between security return and beta risk when conditional on the up and down market movement.
Introduction
When testing the validity of asset pricing models, especially the capital asset pricing model (CAPM 1 ), many studies examine models conditional on market movements. A common method to capture market movements is to define up and down markets based on some arbitrarily chosen β is the measure of security i's non-diversifiable risk relative to that of the market portfolio.
Threshold ARCH (QTARCH 2 ) and GARCH-M 3 models. In all specifications, they allowed for possible negative return-risk relationships when excess return on the market is negative. They observed that the QTARCH specification, in which they allowed for asymmetries in the first and second moments of returns, yields a significant beta without having to account for up and down markets. Recently, Galagedera and Faff (2003) incorporated market movements into the asset pricing model by partitioning the market returns into three regimes corresponding to the size of the conditional market volatility modelled via an ARCH/GARCH-type proces. They reported that the beta risk premium in the three market volatility regimes is priced only in the pricing model conditional on the sign of realised market return.
The objective of this paper is to investigate whether securities' responses to the market vary, depending on changing market volatility as defined by a Markov switching process. In particular, we aim to investigate whether market risk as measured by beta estimated across different market volatility regimes are useful in explaining asset/portfolio returns. Postulating distinct betas across different market volatility regimes, a multiple-state Markov regime-switching threshold model, with defined levels of probabilities of being in each state as threshold parameters, will be employed to examine the above issues.
The paper is organised as follows: The volatility switching models are specified in Section 2.
In Section 3, we define a multi-beta asset pricing model. The data series used in this study are described in Section 4. Section 5 is devoted to the empirical results and their analysis. This is followed by a concluding section.
2 See Gourieroux and Monfort (1992) for details.
3 Due to Bollerslev, Engle and Wooldridge (1988) .
Volatility-switching model specification
The return generating process of the market portfolio is postulated as: 
, 
4 Studies have shown that the switching behaviour in market portfolio returns can be primarily attributed to the switching in volatility (Assoe, 1998; Hess, 2003 ). This value is set equal to the unconditional probability ( ) 
where 0 π represents the limiting probability of the Markov process and τ is the transition matrix between the different states given by
The following iterative steps will be carried out.
Input: ( )
Step-I: ( ) ( ) ( )
Step-II: ( Step
We should note here that
Step-IV provides the conditional distributions for the calculation of the likelihood function
where T is the sample size.
Development of the asset pricing model
In the following sub-section, we describe how each sampled day is classified into only one of the market volatility regimes. An unconditional multiple-beta security return-generating process is defined next.
Market regimes
First, we select a Markov regime-switching volatility model (Model A) for daily market returns and obtain the estimates for probabilities that a given day belongs in the various volatility regimes. Then, based on the magnitude of these probability estimates we assign each day to one of the market volatility regimes, using an indicator function. Specifically, day t is assigned to regime j if regime j has the highest probability of occurrence among all l regimes.
Define a dummy variable as: , ...,
a column vector made up of the dummy variables that corresponds to the l regimes. D t is then used to classify each day in the sample period into one of the l different market volatility regimes. For example, for l=3, three market volatility regimes may be defined: low volatility market, neutral volatility market and high volatility market.
A multiple-beta security return-generating process
In empirical investigation of the single-beta CAPM, the beta is estimated using the market model given as:
where,
. We refer to Model B as the unconditional single-beta security returngenerating process. To estimate the betas in the l volatility market regimes, we extend the market model given in (9) as:
. We refer to Model C as the unconditional l-beta security return-generating process.
Data
We use the daily price series of the thirty securities in the Dow Jones Industrial index. The data covers the period from 2 January 1990 to 23 May 1996, and consists of 1619 observations for each security. The daily returns are calculated as the change in the logarithm of the closing prices of successive days. The return on the Standard and Poor's 500 Index (S&P500) is used to proxy the market portfolio return and the return on the US 1-month Treasury Bill (TB) is used to proxy the risk-free return. Table 1 provides some summary statistics of the thirty securities, the US 1-month TB and the market portfolio returns. The returns vary widely across the securities, with the highest being 13.26 per cent and the lowest being -26.15 per cent. The market return, as expected, has a smaller range with the lowest and the highest returns being -3.73 per cent and 3.66 per cent respectively.
The standard deviation of the market return distribution, 0.73 per cent, is much smaller compared to that of the securities, of which the lowest is 1.13 per cent and the highest is 2.36 per cent. The market and seven securities are negatively skewed. The excess kurtosis of one security, PM, is extremely high compared to the others. When PM is left out the excess kurtosis varies only between 6.40 and 0.96. The excess kurtosis of the market return distribution is 2.39. The US 1-month TB returns distribution is tri modal, positively skewed and has mean 0.0128 per cent and standard deviation 0.0039 per cent.
Results and Discussion

Market volatility model
We apply model (1) for l =2 to 6 such that five different switching models with volatility switching states ranging from 2 to 6 are estimated. The number of parameters in each model increases with the increase in the number of states. If l is the number of states, then the parameters of the model consists of the mean µ , ( ) 1 l l − probabilities and l standard deviations for a total of coefficients to estimate. We select the best model using the AIC which imposes a penalty for additional coefficients. AIC is given by
where lik is the log likelihood value and k is the number of parameters in the model. The models are estimated with daily data spanning 1366 days and ranging from January 1990 to May 1995.
We left the remaining 252 days for testing purposes. The estimation results reported in Table 2 reveals that the model with the least AIC is the one with three volatility regimes. Hence the asset pricing model that we consider for further investigation is assumed to be
where, iL β , iN β and iH β are the beta risk associated with the low, neutral and high market volatility regimes.
Analysis of the risk-return relationship
As indicated earlier, the analysis of the risk-return relationship is based on a two-stage procedure. In the first stage of the analysis, the systematic risks, iL β , iN β and iH β , are estimated.
In the second stage we test whether the systematic risks are priced or not.
Estimating beta risks
We estimated Model C with l=3 for each security in the sample using time series data through a period of 1366 days. In addition, we estimated the constant beta in the market model given in (9). The results are reported in Table 3 . The results reveal that the beta in the low volatility market is significantly different from zero only in twelve of the thirty securities where as in the neutral and high volatility regimes the beta is significant at the one percent level in all securities. The constant beta is also significant at the one percent level and this was observed in all securities.
We also tested whether or not the betas estimated in the low, neutral and high volatility regimes are equal for each of the thirty securities. 
Estimating beta risk premiums
Having found evidence that beta is significantly different from zero in the low, neutral and high volatility markets, we extended our investigation to test whether or not the beta risks in these markets are priced and the risk premiums are equal or not. In the sample period immediately following the estimation period (252 days), using cross-sectional data we test whether the systematic risks are priced or not. Here, we consider the betas estimated in the first stage as proxies for the true betas in the 252-day period immediately following the beta estimation period.
To ascertain whether beta in the three regimes is priced, the cross-sectional regression model 
The results reveal that none of the betas is priced at the ten percent significance level. However, the average premium in all three market volatility regimes has the expected sign. We believe that the lack of evidence in beta risk pricing might be due to the bias that creeps in as a result of using realized return in equation (13) instead of the expected as derived in (12). Therefore, following Pettengill, Sundaram and Mathur (1995) , to ascertain whether beta in the three volatility regimes is priced or not, the cross-sectional regression model given by is estimated for each day in the testing period. We refer to (14) as the conditional three-beta risk-return relationship. Like Pettengill, Sundaram and Mathur (1995) , we postulate that in the time periods where the market return in excess of the risk-free rate is negative it is reasonable to infer an inverse relationship between realized return and beta. Accordingly, we expect the beta risk premium in the up market to be positive and the beta risk premium in the down market to be negative. A positive and statistically significant beta risk premium in the up market and a negative and statistically significant beta risk premium in the down market is sufficient to suggest a systematic relationship between the beta in the low, neutral and high volatility regimes and the security returns.
We estimated equation (14), the conditional three-beta return generating process, in the 252 days in the testing period of which 110 (43.7%) 5 are 'up market' days and 142 are 'down market'
days. An analysis of the results reported in Table 6 indicates that the risk premium is significantly different from zero and has the correct sign in the low and neutral market volatility regimes. In the high market volatility regime though the beta risk premium is not significantly different from zero has the expected sign. Therefore, in the dataset that we have considered, there is considerable evidence to suggest that the beta risk premium in the 'up market' is positive and the beta risk premium in the 'down market' is negative and this is true with the beta in the low, neutral and high market volatility regimes. The unconditional model failed to uncover a systematic relation between the beta in the low, neutral and high volatility regimes and the security returns but the conditional model does.
Conclusion
In this paper, we examined the appropriateness of a conditional three-beta model as a security return-generating process. First, we modelled volatility of the market portfolio return generating process as a Markov regime switching process of order one. A sample of daily returns of the S&P500 index that we use as a proxy for the market portfolio reveals that the model with three volatility regimes appears to model the market returns better compared to the competing models which included two, four, five and six volatility regimes. In the chosen model with three volatility regimes there is strong volatility switching behaviour with high-volatility regime being more persistent than the low-volatility regime.
We assigned each sampled day into one of the three volatility regimes based on the probability that a given day belongs in a volatility regime. Specifically, a given day is assigned to the regime with the highest probability of occurrence among all three regimes. A three-beta asset-pricing model is then specified and tested. The three betas correspond to the low, neutral and high market volatility regimes specified by the probability estimates.
An analysis of the returns in the securities in the Dow Jones index overwhelmingly suggests that the betas in the low, neutral and high volatility regimes are positive and significant. In most of the sectors the betas were not found to be significantly different in the three regimes. For some securities, the beta in the high volatility regime however is more likely to be different from the neutral volatility regime.
We also investigated whether or not the betas are priced in the cross-sectional regression. We find that the beta risk premium in the low and neutral market volatility regimes is priced. These significant results are uncovered only in the pricing model conditional on the realised market return, while the unconditional model does not uncover such significant relationship. In the conditional three-beta asset-pricing model, the beta risk premiums are positive and significantly different from zero in the up market and are negative and significantly different from zero in the down market. That is, we have strong evidence to suggest that the components of the total portfolio return variations systematically related to the low and neutral market volatility regimes are priced. 
